In gauge theories, the physical, experimentally observable spectrum consists only of gaugeinvariant states. This spectrum can be different from the elementary spectrum even at weak coupling and in the presence of the Brout-Englert-Higgs effect.
I. INTRODUCTION
Non-Abelian gauge theories in combination with scalars are compelling theories to study. Of special interest is the case of an SU(2) gauge group with a single scalar field in the fundamental representation, since this is the gauge-Higgs sector of the standard model.
The physical spectrum of these kind of theories needs to be gauge invariant. This, almost tautological, insight has a realization which is far from obvious in the standard model. In QCD confinement takes care of this issue [1] , while for QED dressings by Dirac phases create observable states [2] . In the weak sector the same necessity applies [3] [4] [5] [6] [7] . At first sight, this seems surprising, as a perturbative description using the BRST-invariant, but still gauge-dependent, elementary states of the Lagrangian, the W , the Z, the Higgs, and the fermion fields, describes experimental results remarkably well [8] .
The, subtle, reason for this is the mechanism described by Fröhlich, Morchio, and Strocchi (FMS) [6, 7] : Under certain conditions, realized in the standard model, the properties of the physical states can be mapped to the gauge-dependent states which appear in the Lagrangian. This FMS mechanism has been confirmed in lattice calculations for the scalar sector [9, 10] . An extensive review on this (and more concerning field theories with scalars) can be found in [11] .
However, the conditions mentioned are quite specific, and the standard model is special to fulfill them. Especially, the weak gauge group is the same as the global custodial symmetry group. In general beyond-standardmodel theories this is not the case, and they therefore potentially not meet these requirements [12] . Then, discrepancies between the actual physical spectrum and the elementary one, and thus the one described by perturbation theory, may arise. Investigations of explicit examples have found both types of behaviors [11, 13, 14] . * axel.maas@uni-graz.at † pascal.toerek@uni-graz.at
In particular, this can imply that the low-lying observable spectrum is different from the standard model, even if a model features perturbatively the W and Z bosons and a light Higgs. Such theories would therefore not be suitable extensions of the standard model. The FMS mechanism can be used to create the analytic tool of gauge-invariant perturbation theory (GIPT) [11] . This tool has been applied to SU(N ) gauge theories with scalars in different representations in [14] . Such theories are of particular interest as their structures is typical for so-called grand-unified theories (GUTs), which are one of the candidates for beyond-standard-model theories. This lead to analytical predictions of the spectrum, which generically disagree with the elementary one.
The primary aim of this work is to check these analytical predictions. This requires a manifestly gaugeinvariant approach which is capable of treating nonperturbative physics. We choose this method to be the lattice. The required resources forced us to concentrate on a particular case, an SU(3) gauge theory with a fundamental scalar. The technicalities and details of the lattice simulations can be found in Section II. This includes how the spectroscopy of gauge-invariant operators is performed, and how gauge-variant quantities, like the propagators of elementary fields and the running gauge coupling, are obtained. This section can be skipped entirely if only the results are of interest.
In Section III we concentrate on the properties of the theory. We present the phase diagram of the theory, and show in which regions Brout-Englert-Higgs (BEH) physics or QCD-like physics takes place. We then compute the spectrum of gauge-invariant states as well as the spectrum of elementary fields in the Higgs-like region of the phase diagram.
Finally, in Section V the primary aim of this work will be achieved, the test of FMS mechanism and GIPT. To this end, we first show that standard perturbation theory is not able to describe the physics of the theory even qualitatively. Then, to be self-contained, we first rehearse the predictions of the spectrum [14] . Finally, we compare the results of the lattice simulations to the predictions of
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GIPT. We find that, already at leading order, all channels are qualitatively correctly described, and even the quantitative agreement is good in all channels where the lattice results are reasonably reliable. This strongly supports GIPT as the analytic tool for this type of theories. This agrees with all other available results, especially in the standard model [11] .
Preliminary and related results of this work can be found in [14] [15] [16] [17] .
II. TECHNICALITIES
We consider an SU(3) gauge theory with a single scalar in the fundamental representation of the gauge group. The theory has therefore a global U(1) custodial symmetry [14] .
A. Preliminaries
The action of the theory on a 4-dimensional, Euclidean, isotropic, hypercubic lattice with lattice constant a, and volume V = L 4 , is given by [18] 
The first sum runs over all lattice sites x = (x 1 , x 2 , x 3 , x 4 ), x i = 0, 1, . . . , L − 1 andμ denotes the unit vector in the µ-direction. The first term of the action is the Wilson gauge action with the plaquette variable U µν (x), which is a product of four link variables U µ (x) forming a closed loop, i.e.,
and is essentially the field-strength tensor squared plus O(a 2 )-corrections in the naive continuum limit a → 0. The links are related to the gauge fields by U µ (x) = exp(iaA c µ (x)T c ), with 2T c being the Gell-Mann matrices. Thus, the links are elements of the gauge group SU (3) . Note, that U −µ (x) ≡ U µ (x −μ)
† . Both, the scalar field as well as the links, obey periodic boundary conditions, i.e., φ(x +νL) = φ(x) , U µ (x) = U µ (x +νL) .
Under gauge transformations the scalar field and the gauge links transform as
with g(x) ∈ SU(3). The scalar field also transforms under global custodial U(1) transformations exp(iα) ∈ U(1). The Equation (1) is invariant under these transformations, making the action gauge and custodial invariant. In total three parameters appear in the action (1) : β is the inverse gauge coupling, λ is the coupling for the self-interaction of the scalar fields, and κ is related to the square of the inverse bare mass. Those lattice parameters are related to the continuum ones by
where m 0 is the bare mass and λ c the bare self-interaction of the corresponding continuum theory.
In order to generate configurations we use one multihit Metropolis sweep for the links, where 5 attempts are made to update one link by standard techniques [19] before moving to the next link, and one subsequent Metropolis sweep for the scalar field using a Gaußian proposal. We tuned the widths of the proposals adaptively to achieve a 50% acceptance rate for both updates. After every 5 sweeps through the lattice, a projection step of the gauge links to SU(3) matrices is performed by a standard Gram-Schmidt procedure [19] in order to keep rounding errors under control.
A list of all lattice parameter sets with the corresponding lattice volumes and number of configurations is given in Appendix A in Table III .
B. Techniques for gauge-invariant quantities
For the spectroscopy we use the zero-momentum projected interpolators listed in Table I with distinct J P C U (1) quantum numbers, where the lower index is the quantum number of the global custodial group U(1), which only acts on the scalar field. The parity P , the charge parity C, and the total angular momentum J, are assigned to the interpolators by their transformation properties under the octahedral symmetry group O h , which is the discrete symmetry group of an isotropic lattice. A method on how these quantum numbers are assigned to the interpolators according to the irreducible representations of the octahedral group can be found in, e.g., [20] and [21] .
Note, that we only use the spatial-directions µ = 1, 2, 3 for the operators, since we are interested in the propagation of the state in Euclidean time-direction µ = 4.
In Table I several of the interpolators can be viewed as bound states of the scalar and the gauge bosons in the language of a naive constituent interpretation (we only discuss the 'atomic' interpolators here):
describes a two-scalar bound state.
• O 1 −− 0 1,µ is a gauge boson dressed with two scalar fields. The gauge bosons appear in the lattice version of the Table I . List of interpolators used for our spectroscopic analysis. Definitions of the objects Dµ, L (1) µ , L (2) µ , and L (3) µ can be found in the main text. We perform a zero-momentum projection for all interpolators. We use the notation x x x = (x1, x2, x3), and t = x4.
Name
Interpolator
Re tr Uµν (x x x, t) 0
is a scalar gaugeball.
• O
4,5,6,µ are vector gaugeball interpolators as defined in [20] . Several definitions are needed to define the spatially summed quantities L (1,2,3) µ from Table I . These quantities are built from the Wilson loop operator
and linear combinations thereof,
where we skipped the spacetime argument x for brevity. The last step is to build the following linear combinations of Equation (8) to build the interpolators that give the vector representation, J = 1, and negative parity P :
231 + L (2) 132 , L
312 + L
213 ,
213 , L
231 + L
321 , L
132 .
Taking the imaginary parts of these quantities yields interpolators with negative charge parity C. Vector gaugeball interpolator with other P and C quantum numbers could be constructed from the definitions given above [20] . However, we are particularly interested in the 1
gaugeball for reasons illustrated in the next subsection where this quantum number channel is discussed.
are a pseudo-scalar gaugeball, and a tensor gaugeball, respectively, see [22] .
• O We assigned a U(1) charge of 1/3 to the scalar field φ. The continuum versions are discussed in [14] and the corresponding lattice versions are
We employ a variational analysis [23] [24] [25] in order to get access to the energy levels of the different quantum states in the respective J P C U(1) -channels. Therefore, we compute a time-sliced matrix of cross correlators for a set of basis
where we subtracted the vacuum contribution O i (t) from the correlator, i.e., we only consider the connected contributions · · · c of the correlator. This is necessary since states with the quantum numbers J P C = 0 ++ mix with the vacuum, which has exactly these quantum numbers.
One can show that the eigenvalues of the matrix (12) behave as λ k (t) ∼ e −aE k t , k = 0, 1, . . . , N − 1 [26] . Thus, the energy levels can be extracted as
Since all fields appearing in the action (1) obey periodic boundary conditions, the propagation in t and L − t of all the interpolators O i is identical and thus we fit the eigenvalues to (14) to extract the numerical values of the energy levels. We take into account a possible excitation of the level E k , since heavier states still can contribute for small values of t to this level after the variational analysis.
The bound states of Table I are expected to have a finite extent. Approximating them with point-like operators can therefore create an overlap problem. Therefore, we smear all our fields.
For the links we apply stout smearing according to the procedure in [27] . We choose this approach due to fact that with this method a projection back to the gauge group is not necessary. The new link after one stout smearing step is
where Q µ (x) is a hermitian and traceless matrix given by
where the so-called staples C µν (x) enter:
We set ρ µ4 = ρ 4µ = 0, ρ ij = ρ in Equation (16) since we want to measure correlations in the Euclidean time direction and thus only spatial links are allowed to be smeared. In all our simulations we set ρ = 0.1, see [27] .
Of course, this procedure can be iterated. Therefore, the new link after (n + 1) stout smearing steps is given by
The scalar field is APE smeared in our case. After (n + 1) APE smearing steps the field is then [28] 
where the n-times stout smeared links U (n)
µ (x) enter in the smearing procedure of the scalar.
We usually perform 300 + 10L updates to drive the system into equilibrium. Between the measurements of the observables we drop 3L configurations for decorrelation. We also performed several independent runs with different random number seeds for each parameter set to further reduce correlations.
The integrated autocorrelation time for the plaquette is τ int ≈ 1/2, i.e., close to the minimal value, for the parameter sets we analyzed. Therefore, no significant correlations between subsequent measurements of observables are detected. We usually studied V = 8 4 4 with 190000 configurations. The errors of the correlators are computed throughout by a standard Jackknife procedure, and for secondary observables we use the method of error propagation unless stated otherwise.
C. Techniques for gauge-variant quantities
In order to compute propagators of elementary fields we need to fix a gauge. Without this procedure the propagators would be zero [29] . Determining these propagators is relevant, as they will be an important building block of GIPT. They will also provide additional support that we probe the theory at weak coupling and our observed results are not genuine strong-coupling effects.
• Local and global gauge fixing
We locally fix to minimal Landau gauge as described in [30, 31] by the so-called stochastic overrelaxation method [32] . Additionally we use the Cabibbo-Marinari trick [33] and the method of maximal trace [34] for reunitarization of the links.
To accomplish the so-called 't Hooft-Landau gauge condition [35] , which gives rise to a vacuum expectation value of the scalar field, we have to fix also the global direction of the scalar field. We want to perform a global gauge transformation such that the space-time averageφ of the scalar field point into some direction n:
where we set n i = δ i,3 without loss of generality. We use two consecutive SU(3) rotations, i.e.,
Without loss of generality we assume a normalized vector |φ| = 1 in the following. The first transformation g 1 has the task to rotate the first component ofφ to zero:
4. Construct g = g 2 g 1 from the previous steps.
5. Apply the global gauge transformations to the scalar and gauge fields:
With this procedure the gauge is now completely fixed to the minimal 't Hooft Landau gauge. Note that we use less gauge-fixed configurations than for the spectrum calculations, as gauge-fixing is expensive in terms of computing time while at the same time the quantities we study are much less noisy. E.g., for the situation in Section IV we use for the 8 4 lattice 16000, for the 12 4 lattice 12000, for the 16 4 lattice 4700, and for the 20 4 lattice 5500 gauge-fixed configurations.
• Propagators
We are interested in the propagator of the gauge bosons, the scalars and the ghosts. The latter will be needed to determine the running gauge coupling.
Due to the isotropic lattice, we can take the trace over the Euclidean Lorentz-indices of the gauge-field propa- 
For the scalar propagator we split the field φ into its real and imaginary parts and use the notation φ =
. Then, we define the propagator as
Again, in the minimial 't Hooft Landau gauge this propagator is diagonal, i.e.,
As it is discussed in [14] we expect, for the vev-choice n i = δ i, 3 , that only the propagator D 5 (p 2 behaves like a massive propagator and the remaining ones correspond to the propagation of massless particles in the Landau gauge.
The ghost field propagator
On the lattice this operator is a linear combination of links mixed with the generators of the gauge group. This will be done using the methods described in [36] .
• Running gauge coupling
Having computed the gauge field propagator (27) and the ghost propagator on the lattice, the running coupling α b can be extracted for every value of b = 1, 2, . . . , N 2 −1 in the miniMOM scheme [37, 38] as
where µ is the renormalization scale. Note that, this is a renormalization-scale invariant combination.
• Renormalization of the scalar propagator
We need to define a renormalization scheme for the scalar propagator D ij p 2 . To this end we follow [39, 40] , which assumes that the renormalization of the propagator works qualitatively as in the perturbative case [35] . Thus, there are two renormalization constants: The multiplicative wave function renormalization Z i and an additive mass renormalization δm 2 i . This yields the renormalized scalar propagator in minimal 't Hooft Landau gauge,
for i = 1, 2, . . . , 6 and where m r i is the renormalized mass of the i th particle and Π i p 2 is the corresponding self energy which is obtained from the unrenormalized propagator (28) as
Thus, the self energy measures essentially the deviation from the tree-level propagator, i.e.,
Note, that the tree-level mass m i is implicitly included in the self-energy. The scheme we use to fix the renormalization constants is:
where µ is again the renormalization scale. Therefore, the renormalized propagator and its derivative are given by their tree-level values at p 2 = µ 2 . From these equations the renormalization constants Z and δm can be derived. The renormalization constants are determined numerically by linear interpolation between two physical momenta along the x-axis, with the value of µ inside the interval (p 1 , p 2 ). The derivative of the self-energy is obtained by analytically deriving the linear interpolation between the momenta points. We only choose values for µ such that 0 < p 1 < µ < p 2 < 2/a.
Note that both the gauge boson propagator and the ghost propagator require only a single multiplicative renormalization.
• Position-space propagators One can also compute form the momentum-space propagators the position-space correlators, also called Schwinger functions. The position-space correlator ∆(t) is computed by [41] 
for a field with propagator D p 2 . Note that, the propagator D p 2 4 is evaluated at zero spatial momentum, as is indicated by the argument p 2 4 , and the sum extends over the whole momentum range including the parts of the propagator reproduced by periodicity.
III. THE PHYSICS OF AN SU(3) GAUGE THEORY WITH A FUNDAMENTAL SCALAR

A. Phase diagram of the theory
Since the perturbative breaking pattern in our case is SU(3) → SU(2) and thus the gauge group is not fully broken, the Osterwalder-Seiler-Fradkin-Shenker argument [4, 42] does not apply. Therefore, this theory may or may not have separated phases and a possibly rich phase structure. We expect (at least) two regions of the phase diagram: Due to the non-Abelian nature of our theory defined in Equation (1), a QCD-like region (QLR) where QCD-like physics takes place and due to the Higgs sector we also expect a region with BEHlike physics (HLR). Since we are especially interested in a situation with a perturbatively accessible BEH effect [6, 9, 10, 43] we scanned the phase diagram using the quantity [44] 
withφ being the space-time average of the scalar field. This quantity is gauge-dependent, and thus determined after fixing to minimal 't Hooft Landau gauge gauge. If the BEH effect is active φ2 [17, 44] . Examples of how this quantity behaves can be found in [17] .
To scan the phase diagram quickly, we performed simulations for V = 4 4 , 6 4 , 8 4 , and 12 4 lattices for randomly distributed parameters β, κ, and λ. We measured the quantity defined in Equation (35) on 1000 gauge-fixed configurations for each random parameter set and lattice size. Then, the volume dependence of this observable was used to decide to which region the parameter point belongs to. This lead to the results shown in Figure 1 . The corresponding data can be found in Table VIIa and  Table VIIb . (35) . The red dots show a BEH effect in minimal 't Hooft Landau gauge, putting them in the HLR, while the blue triangles do not, meaning that they are in the QLR of the phase diagram. This is an update to the phase diagram in [17] .
B. Physical spectrum
In what follows, we focus on a set of parameters in the Higgs-like region, since our main target is to test the analytical predictions of the FMS mechanism in the end. We choose a point close to the boundary of the two regions of the phase diagram given by β = 6.85535, κ = 0.456074, λ = 2.3416. This choice is motivated by the simulation results of the SU(2) theory, where the smallest lattice spacings, i.e., the largest cutoffs, have been found [22] . We have also studied the spectrum for different sets of lattice parameters, which are listed in Table III in Appendix A. As far as a statistically reliable signal could be obtained we did not observe any qualitative differences. Hence, this set of parameters yields a suitable representative for the spectrum.
In the following, we investigate individually all the quantum number channels which are listed in Table I. • 0 (5) , (36) where the number in the brackets of the lower index denotes the smearing levels of the operators. Including other or more operators did not improve the result. operators, seems to be less noisy, and it was therefore only needed to smear it four and five times. The resulting effective mass as a function of time is plotted in Figure 2 . We plot the energy of the lowest state (ground state), for each volume, and the second energy level (first excited state) for the largest volume. The effective masses and their errors, listed in the legend of Figure 2 , are obtained by fitting the the mean, upper, and lower value of the eigenvalues by a double-cosh, see Equation (14) , for each volume. The resulting fit parameters are listed in Table IV in Appendix A. Note that because of the large statistical noise we do not show data points for t > 6.
The volume dependence of the ground state mass is also plotted in Figure 2 . We see that this state has a moderate dependence on the lattice size. Nevertheless, a fit of the lattice masses as a function of the volume,
gives the gray error band (see Table VI 
The vector gaugeball interpolators O 6,µ were too noisy even for the largest used smearing level as can be seen from the effective masses in Figure 5 below. However, those states seem to be very high up in the spectrum and thus it is a justified assumption that they do not alter the infrared spectrum of the theory.
In the top of Figure 3 , we show the energy levels obtained from the variational analysis with the crosscorrelation matrix built from the basis interpolators (37) . The lowest energy level is shown for each lattice volume. As in the previous discussion the second energy level is only shown for the largest volume and for t < 6. Again we list the effective masses in the legend of this figure, which are obtained by the same fit strategy as in the case. The fit parameters can be found in Table IV in Appendix A.
The ground state has almost no volume dependence, hence the infinite volume extrapolated ground state mass is am 1 −− 0 = 0.39 (1) , see the bottom of Figure 3 and Table  IV . Hence, the singlet vector state is lighter than the sin- . This is possible since the operators can have overlap with such states, even if carrying zero total momentum. The energy levels E can be extracted from [20] 
where m 2p is the mass of the two-particle state and the relative lattice momentum is p
. . , L/2. In the continuum limit this equation turns into the familiar energy-momentum relation
The ordering of the states depends on the value of the masses of the 0 We do not show data points for t > 3 and t > 2 respectively, since these regions are dominated by noise even though we used 10-times smeared operators.
The effective masses in both channels are around am 0
≈ 2.0, i.e., above the lattice cutoff. These approximate masses are of course just crude estimates.
We also performed a variational analysis with sets of different smeared operators in these channels. However, . Nonetheless, this is very speculative since more statistics and more operators including better overlap with the decay channels would be needed to make precise statements. Of course, another option is that those signals are just too noise dominated. Figure 5 . The three panels show the effective masses of the 1 In Figure 5 we show the effective masses of the three 1 Even though the signals are again noisy we deduce that the effective masses of the three 1
gaugeballs are approximately 7-times larger than the extracted ground state mass in this channel, and thus well above the lattice cutoff. As already argued in the discussion of the 1 −− 0 channel, they do not alter the ground state and thus the infrared spectrum, since they are too high up in the spectrum to generate any significant contribution.
We are well aware that the effective mass plateau of three points which are still inclined, are probably still contaminated by excited state contributions, and higher statistics would be needed.
• 0 In Figure 6 we present results for the effective masses of the 0 ++ ±1 (left plot) and 1 −− ±1 (right plot) channels for different lattice volumes. In both channels we performed a variational analysis with different smearing levels of the corresponding operators: In the scalar sector the basis consists of 6-to 10-times smeared interpolators, whereas in the vector sector we included 8-to 10-times smeared interpolators in the basis. The effective masses 1 of both states are listed in the legends of the figure and the corresponding values from the fit are given in Table VI in Appendix A. , i.e., particle and anti-particle states.
Thus the effective mass given in the left-hand side of Figure 6 is the mass of the particle and anti-particle. Certainly, the same is true for the 1 The scalar sector is dominated by noise and only the points for t < 3 are reliable. The mass in this channel is roughly am 0 ++ ±1 ≈ 2. Of course this is only a coarse estimation and larger statistics as well as larger lattices can alter the result.
-( ) ( + ) ( ) ( + )
The vector channel is not so much dominated by noise and thus more time slices can be used for the fit (t < 6). However, from V = 8 4 to V = 16 4 the effective mass seems to drop but for the largest lattice slightly rises again. Again, more statistics could still change this behavior. Nonetheless, we estimate a mass of am 1
Higher levels were unaccessible due to the amount of statistical noise. Besides increasing the statistics also including more operators could improve the result in both cases.
• Summary of the spectrum
We summarize the computed spectrum of states in Figure 7 . The filled boxes correspond to the ground states, the empty boxes are the elastic thresholds for the scalar and vector singlet channels as discussed above, and the dashed lines are the estimated ground state masses of the 0
channels. Where available, results for other lattice parameters can be found in the appendix.
Of course, it would be important to track the development of the spectrum along lines of constant physics, even though we find qualitatively the same situation everywhere in the HLR. Due to the fine-tuning character of the theory, the required numerical resources for this purpose, also given that at least three states have to be determined reliably for this, unfortunately exceed our resources by far. 
IV. GAUGE-VARIANT OBSERVABLES AND RUNNING GAUGE COUPLING
A. Spectrum from tree-level perturbation theory
For future reference, we briefly rehearse the spectrum of the theory at tree-level perturbation theory, see [14] for details. For this we use a continuum setup, and employ 't Hooft-Landau gauge.
We split the scalar field into its vev and a fluctuation part ϕ around the vev
The spectrum then contains one real-valued massive scalar degree of freedom and 8 would-be Goldstone modes. The non-Goldstone Higgs boson and the wouldbe Goldstones can be described in a gauge-covariant manner without specifying n by h ≡ √ 2 Re(n † φ) and ϕ ≡ φ − Re(n † φ)n = ϕ − Re(n † ϕ)n, respectively. However, without loss of generality, in the following we will usually make the explicit choice n i = δ i, 3 .
Rewriting the scalar kinetic term of the Lagrangian by splitting the Higgs field into the vev and the fluctuation part, we obtain
where we have the usual [35] mass matrix for the gauge bosons in the first line and the mixing between the longitudinal parts of the gauge bosons and the Goldstone bosons in the second line. Note that only those gauge bosons mix with the Goldstone bosons which acquire a mass, i.e., which correspond to the broken generators of the gauge group. These mixing terms are removed by the 't Hooft Landau gauge fixing condition [35] . The mass matrix (M 2 A ) ab of the gauge bosons is already diagonal for our choice of n, and is given by,
Thus, we obtain 3 massless gauge bosons, 4 degenerated massive gauge bosons with mass m A = 2 , where λ c is the four-Higgs coupling, i.e., the term λc 2 (φ † φ) 2 in the continuum setup. The situation is now that which is, in an abuse of language, usually called 'spontaneously broken' in case the system experiences the BEH effect. The breaking pattern reads SU(3) → SU(2). With respect to the subgroup SU(2) the gauge bosons are in the adjoint representation (massless), a fundamental and an anti-fundamental representation (mass m A ) and a singlet representation (mass M A ), explaining their degeneracy pattern.
B. Spectrum from the lattice
Here we again study the same set of lattice parameters as before, as again the behavior is representative for all other cases.
• Gauge-field propagators Let us now focus on the propagator of the gauge bosons D c p 2 , c = 1, 2, . . . , 8, defined in Equation (27) . The lattice momenta p µ = 2πk µ /L are along the links, and along all possible diagonals of the lattice, i.e., (k, 0, 0, 0), In the top panel of Figure 8 we show the propagators, evaluated on a 20 4 lattice, of the perturbatively 3 massless modes (c = 1, 2, 3, black circles), of the perturbatively 4 degenerate massive modes (c = 4, 5, 6, 7, red squares), and the perturbatively heaviest mode (c = 8, blue diamonds). Those are plotted as a function of the absolute value of the physical momentum |p| ≡ √ p µ p µ .
The degenerate modes are averaged over to improve the statistics.
The dashed lines are fits according to one-loop-inspired fit formulas
where Z are wave function renormalization constants and am c is the effective mass in lattice units. The first term in the first line is a pure finite-volume effect. The logarithmic corrections of leading loop-corrections are taken into account for both cases. A list of the fit parameters can be found in Table V in Appendix A. Also fits with the tree-level propagators have been performed but those fit functions did not resolve the UV-behavior well. Only for coarser lattices, i.e., larger am 1 −− 0 masses, the tree-level form is a good fit ansatz at least for the massive modes. Those larger masses dominate, such that the logarithmic corrections only play a minor role, see [17] .
The effective masses extracted for the different sectors are listed in the legend of the figure for the 20 4 lattice. The fitted effective masses for the perturbatively massless modes are indeed very small and comparable to zero. This suggests a Coulomb-like behavior, although corrections deep in the infrared may still alter this.
In the bottom panel of Figure 8 the ratio of data to the fit is shown. For the massive modes the fit according to (42) shows only small deviations from the data for the whole momentum range, whereas larger deviations for the massless modes are visible towards the infrared. The latter is accounted for in the fit as a finite-volume effect, which is to be expected for a massless mode.
The extracted masses from the fits for c = 4, 5, 6, 7 (red diamonds) and c = 8 (green triangles) are shown in the top panel of Figure 9 (5) which is in good agreement with the tree-level ratio of 3/4 ≈ 0.87, see Equation (41) . Together with the (almost) masslessness of the propagator in the unbroken sector this implies that the spectrum of the elementary fields coincides with the one expected from perturbation theory, especially of three massless and five massive states.
In the bottom panel of Figure 9 we show the ratio of the masses of the 4 degenerate gauge bosons to the mass of the heaviest gauge boson, i.e., m A /M A , as a function of the lattice mass of the singlet vector state am 1 −− 0 obtained for different lattice parameter sets, see Table III . The dashed line is the prediction of tree-level perturbation theory, i.e., m A /M A = 3/4, see Equation (41) . Almost all the data points we studied are in good agreement with this prediction signaling that next-to-leading-order effects should only play a minor role.
•
Space-time correlators / Schwinger functions
We also computed the space-time correlators or Schwinger functions ∆ c (t), c = 1, 2, . . . , 8, as described in Section II C, along the lines of [22] . Again, Schwinger functions where degeneracies are expected, i.e., c = 1, 2, 3, and c = 4, 5, 6, 7, are averaged over.
2 The resulting effective masses obtained from ln ∆ c (t)/∆ c (t + 1) for different lattice volumes are given in Figure 10 . The errors are computed from the propagators by the method of error propagation. The top left panel shows the effective mass as a function of Euclidean time for the heaviest mode, the top right panel the effective mass of the 4 degenerate massive modes, and the remaining panel shows a plot of the effective mass for the 3 degenerate massless modes. Due to the relatively large error bars for the massive modes for t > 6, we do not show those points here.
The dashed lines in the top panel correspond to the space-time correlator obtained by inserting the corresponding fit functions (42) into the definition of the lattice space-time correlator (34) .
From the maximum values of the effective mass curves one can deduce the masses for each volume. The results are given in the legend of each plot. Of course, the errors are still too large and more statistics is needed to make a final statement. But the trend is clear and the obtained masses are in agreement within the large error bars with the ones obtained from the fits of the propagators with the functions defined in Equation (42) . Furthermore, the effective masses of the particles in the unbroken subsector (c = 1, 2, 3) tend to zero for V → ∞. Figure 9 . Top: Masses of the 4 degenerate massive (red diamonds) and the heaviest (green triangles) gauge bosons as a function of the inverse lattice size L. The gray areas are the corresponding error bands obtained from a fit to am+α e −γ V , see Table VI . Bottom: Ratio of the masses of the 4 degenerate lightest gauge bosons m A to the mass of the heaviest gauge boson M A as a function of all the lattice parameter sets we studied, see Table III . The dashed line is the prediction from tree-level perturbation theory, i.e., m A /M A = 3/4, see Equation (41).
• Scalar-field propagator
In the scalar sector we computed the renormalized propagators of the real components of the scalar field D r i p 2 , i = 1, 2, 3, 4, 6, as described in Section II C. We choose the arbitrary dimensionless renormalization scale to be aµ = 0.85 for each propagator. Under the assumption that the pole scheme works [11, 40] we set the renormalized masses to am r = am 0 ++ 0 for the perturbatively massive propagator (i = 5) and to am r = 0 for the perturbatively massless propagators (i = 1, 2, 3, 4, 6). The degenerate massless renormalized propagators are averaged over to increase the statistics.
Having determined both renormalization constants, the renormalized propagator D r i can be computed. The result is shown in Figure 11 , where again both, the perturbatively massless (black circles) and massive (red squares) modes are shown. Both propagators show the expected behaviors, namely the ones of a massless and a massive propagator.
In order to extract the effective masses, the spacetime correlators need to be computed. Unfortunately, the statistics is too low at this point and thus the error bars too large to extract the effective mass from the Schwinger functions. Therefore, no results on this are presented here. However, in [10] 3 it was found that under similar circumstances the effective mass agreed reasonably with the renormalized mass, supporting that the employed scheme acts like a pole scheme. Still, this will require further scrutiny, as this is not necessarily always the case [40] .
• Running gauge coupling and the ghosts
The ghost propagators are all very close to the one of a massless particle, and thus close to perturbation theory. There is only a little deviation towards the infrared, which is larger the smaller the associated gauge boson mass is. As a consequence, the running coupling is mainly dominated by the gauge-boson propagator.
Thus, we show here only the latter, the renormalized running gauge coupling α c p 2 for the different sectors in Figure 12 : The perturbatively massless sector (black circles), the sector with the 4 degenerate massive modes (red squares), and the sector with the heaviest mode (blue diamonds). The coupling to the massive modes show the typical behavior already seen for the SU(2) case [10] . The coupling of the massless modes is infrared (mildly) enhanced, and does not (yet) saturate. Still, because all propagators are rather close to the perturbative ones, so are the gauge couplings. In particular, all unify, implementing the simple picture of a grand-unified theory, in the ultraviolet. Only at small momenta the BEH effect induces the differences. The suppression of the massive couplings can be interpreted as a decoupling of the massive modes from the massless dynamics. However, this statement is only true for the gauge sector, as the gaugeinvariant physics of Section III B does not show any sign of this separation.
The couplings stay small throughout the whole momentum range, signaling that leading order GIPT should already be quite reliable. This is also supported by the fact that the propagators can be fitted well with one-loop expressions. 
V. TEST OF THE FRÖHLICH-MORCHIO-STROCCHI MECHANISM
Thus, this section is dedicated to test GIPT and the underlying FMS mechanism [6, 7] . To this end, we first recapitulate the predictions of GIPT for this theory. The generalization of these predictions to general SU(N ) gauge groups can be found in [14] .
A. Predictions from gauge-invariant perturbation theory
The gauge-invariant, and thus experimentally observable, spectrum consists of states which are either singlets or non-singlets with respect to the custodial U(1) group, see Section II B.
• U(1)-singlet states Let us start the discussion with the U(1)-singlet states: A gauge-invariant composite operator describing a scalar, positive (charge-) parity boson, i.e., J P C
. We apply the FMS mechanism and expand the correlator first in Higgs fluctuations, using Equation (39) , and then the resulting propagators to leading order in standard perturbation theory, yielding [14] 
where 'tl' means 'tree level'. Here, the Higgs field h is identified with φ 5 , see Equation (28) . The second term on the right-hand side of Equation (43) describes the propagation of a single elementary Higgs boson and the third term describes two non-interacting Higgs bosons propagating both from x to y. Comparing poles on both sides of Equation (43) predicts the mass of the left-hand side, and thus of the observable particle. This scalar boson should therefore have a mass equal to the mass of the elementary Higgs m h . Also, a next state should exist in this quantum number channel which is a scattering state of twice this mass.
Next, consider a singlet vector operator O
. The same expansion yields [14] 
The poles of the right-hand side are at the mass M A of the heaviest gauge boson A 8 µ . All the remaining states which can be constructed from the fields expand to trivial scattering states, e.g., gaugeball states, and thus do not give rise to stable particles, see also Table I .
• U (1) (10) and (11) . Applying the FMS mechanism and employing a tree-level analysis to the bound state correlators of both operators yields, after a cumbersome calculation [14] , a ground state mass of 2m A for both quantum number channels. This arises as in leading order a product of propagators of one of the massless elementary gauge boson as well as two gauge bosons with mass m A contribute to this state. We expect also a higher order excitation with mass 2m A + M A in both channels. There exists, of course, an anti-particle of the same mass but opposite U(1) charge for both channels as well.
• Summary
The prediction for the physical (gauge-invariant) spectrum obtained from leading-order gauge-invariant perturbation as well as the gauge-variant spectrum from standard perturbation theory are summarized in Table  II .
B. Comparison between the spectra
We focus again on the lattice parameter set β = 6.85535, κ = 0.456074, and λ = 2.3416 for our investigations.
From the findings of the previous subsection and the predictions of the gauge-invariant physical spectrum, we are able to check the predictions of gauge-invariant perturbation theory utilizing the FMS mechanism explicitly.
In the 0 ++ 0 channel we found one stable state with a mass of am 0 ++ 0 = 0.68 (2) which is the one that we expect to find from the Schwinger function of the renormalized scalar propagator. While consistent, the results are still too strongly affected by statistical errors to provide an unambiguous conclusion. The remaining states in this 
channel are high up in the spectrum and consistent with trivial scattering states. In the 1 −− 0 channel we extracted a ground state lattice mass of am 1 −− 0 = 0.39 (1) . The mass extracted from the heaviest gauge boson is aM A = 0.36 (1) . The volume dependence of these masses is shown on the left-hand side of Figure 13 . They are already in pretty good agreement.
However, at leading order, those masses should be equal, but there remains a bit more than a 1σ discrepancy between them. There are several explanations for that: First, the prediction relies on the smallness of the Higgs fluctuations and on the applicability of standard perturbation theory. Higher-order effects or genuine nonperturbative effects could explain this deviation.
Another possibility is that this discrepancy of the masses could stem from finite volume and discretization effects. We observe that the larger the mass of the lightest state is 4 , i.e., the larger the lattice spacing a is and thus the larger the physical volume is, the better is the agreement with the vector boson mass, see right-hand side of Figure 13 and [17] .
Lastly, also the infinite volume extrapolation we used, see Table VI , does not take into account that the broken sector of the theory still interacts weakly with the unbroken sector, i.e., the sector of massless particles. The extrapolation we used does not take this into account and more sophisticated fitting procedures could change the results slightly.
In view of these additional systematic uncertainties, the results is already quite well in agreement with the prediction.
At the same time, the right-hand side of Figure 13 shows that the result is not a coincidence, and that the agreement is generic. It contains all our results in the HLR, see Table III ≈ 2.0(1) and is relatively high up in the spectrum. Thus, we neither can confirm nor disprove the FMS prediction in these channels firmly, even though the results are consistent.
Nevertheless, the mass for the vector is already significantly smaller than one would naively expect from a simple constituent model or from ordinary perturbation theory. These would place the mass at at least 3m h ≈ 2.0(1). This is especially important, as the lightest such particle is stable and in a realistic theory could serve as a dark matter candidate. Summarizing, in Figure 14 we show the physical spectrum of the theory for different quantum number channels and compare it to the predictions from GIPT. The filled, blue boxes correspond to the ground states, the empty, blue boxes are the elastic thresholds for the scalar and vector singlet channels as discussed above, and the dashed, blue lines are the approximate ground state masses of the 0 ++ ±1 , 0 −+ 0 , and 2 ++ 0 . The red boxes are the predictions of leading-order gauge-invariant perturbation theory for the ground states. The overall agreement shows that the spectrum is, even at leading order, well predicted.
VI. SUMMARY AND CONCLUSIONS
Summarizing, we have presented a detailed study of the spectroscopy of an SU(3) gauge theory with a fundamental scalar, a toy model for grand-unified theories.
To this end, we determined the spectrum using leadingorder standard perturbation theory, leading-order gaugeinvariant perturbation theory utilizing the FMS mechanism [11] , and in a full non-perturbative lattice investigation. As in the general case [14] the predictions form standard perturbation theory and gauge-invariant perturbation theory disagree qualitatively. As was already seen in the exploratory study [17] , it is found that the predictions of gauge-invariant perturbation theory describe the spectrum obtained from the lattice not only qualitatively, but within some 10% quantitatively, wherever the lattice results were statistically sufficiently significant. Given the remaining systematic uncertainties from the lattice and the fact that the analytical computations were done at leading order, this is quite an impressive agreement. In particular, this worked even in cases where the lowest order in the analytical calculation vanished surprisingly good.
At the same time the results of standard perturbation theory are even qualitatively off, especially the theory shows strong evidence for a mass gap of the order the GUT scale. This included also the pure gauge sector, which could be argued to have light gaugeballs in standard approaches [35, 45] .
This strongly suggest that only gauge-invariant perturbation theory is adequate in describing the theory, and its dynamics, analytically. This is in agreement with all other comparative studies, see [11] for a review of those. However, this work is the first systematic study over a range of parameters and in several channels simultaneously for a theory which was expected to show qualitative disagreement to standard methods.
This strongly suggest that the physics picture behind the FMS mechanism is the correct one to describe theories with a BEH effect. Moreover, this implies that gaugeinvariant perturbation theory is the analytical toolkit to work with for these theories, and that BSM predictions should be performed using it. Of course, as always, this is evidence, and further investigations will be necessary for a firm establishing of these conclusions. But given the additional effort need for gauge-invariant perturbation theory in comparison to standard perturbation theory, there is little reason not to use it to make BSM predictions.
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In this appendix, we collect all the parameter sets of the phase diagram points were we performed simulations for different lattice sizes in order to obtain data for spectroscopy and for propagators of gauge-variant fields. Additionally, we list the fit parameters which we obtained and which are used in the figures shown in Section III B and V .
Lattice parameters sets and some observables
Here, we provide the numerical values for the ground state energy levels in the vector singlet channel in lattice units am 1
, the masses of the 4 degenerate gauge bosons m A and the heaviest gauge boson mass aM A also in lattice units, the average plaquette defined for gauge group SU(3) as
where U µν (x) is defined in Equation (2), for several values of the lattice couplings β, κ and λ. We also provide the expectation values ofφ 2 defined in Equation (35) as well as for the length of the scalar field |φ| given by
Only such values are shown for which a BEH effect was found. We do not list higher energy levels in this channel as well as the lattice masses in the scalar singlet channel, since only for the main simulation point defined in Section III B enough statistics was gained. There, the mass am 0 ++ 0 was below the elastic threshold and also the higher levels were not to noisy to draw conclusions. Also, points have not been included where no BEH effect was found and/or where the singlet vector mass was above 1 in lattice units.
The errors listed in Table III are obtained by fitting the lower and upper bounds of the eigenvalues for the gaugeinvariant case and of the propagators in the gauge-variant case. Subsequently, the method of error propagation is used. Systematic errors are not included.
Tables of fit parameters
In this section we show the fit parameters used in the figures shown in Section III B and V for the parameter values β = 6.855350, κ = 0.456074, and λ = 2.341600. All the errors are obtained as described previously. We use fit routines provided by Mathematica [46] throughout. 
